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ESTIMATION ACCURACY OF DEFAULT INTENSITIES IN FILTERING
?? ??
Hirofumi HEBIGUCHI
???? ?? ??
??????????????????????????
The purpose of this paper is to evaluate estimation accuracy of default intensities through
ltering approach under the reduced-form for defaults. Default intensities are driven by
unobservable factor processes, and the observable data are constructed by the information
set of default state and credit derivative price or credit spread which are driven by the
factor process as same as those of default intensities. As the factor process we adopt FS
model which was proposed by Frey and Schmidt (2011) and follows a stochastic dier-
ential equation driven by a Markov chain. Under this framework, we analytically and
numerically discuss eects on default intensity estimation from time discretization and
parameter estimation errors of FS model.
Key Words : Stochastic Filter, Time discretization errors, Default intensity estimation, Prop-
agation of errors, Frey and Schmidt model .
1. ??
??????????????????????????
???, ?????????????????????.
Frey, Runggaldier [12] ?, ??????????, ??
???????????????????????????
????????, ??????????????????
???????????????????????????
???. ???????????????????????
????????, ??????????????????
??????????????????. ????????
???????????????????????????
?, ?????????????????????????
?, [12]????????????????? Frey, Schmidt
(FS) [11] ?????? FS ??????????????
?????????????????. ?????????
????????????????????, ??????
?????????????????????????. ?
????, ??????????????????????,
???????????????????????????.
???????????????????????????,
???????????????????????????
???????????????????????????
????????, ?? FS??????????????
????????.
???????? [12] ???????????????
???????, ???????????????????
?????????????????????. ?????
???????????????????????????
????????????, ??????????????.
??????????????????????, ????
???????????????????????????
????????????.
???????????????, ??????????
?????????????????????????. ?
????????????FS??????????????
??????????????????????. ??FS?
???????????????Wonham [15]?Wonham
????????????????????????????
??. ??????????????????, Kallianpur-
Striebel???????Kushner-Stratonovich(KS)???
?? Zakai??????????????????????,
??????????????????????. ????
???????????, ???????????????
??, ???????? 2???????????????.
????????????????????????, ??
???????????????????????????
????????????????. Handel [13]????
???????????????????????????
?????????????????????. ?????
?Wonham?????????????????????
?. ??Wonham??????????????????
Chigansky et al. [9]??????????. ?? Vaswani
[6]??????????????????????????
??????????????, ????????????
??????. Kushner-Stratonovich(KS)???????
????????????????????????Crisan
et al. [3] ? Sarkar et al.[14] ?????. Zakai ????
???????????????????, Florchinger et al.
[7]? Gobet et al. [4] ????????. ?? Chigansky
[8] ?? 2006 ????????????????????
?????????. ?????????????????
???????????????, ???????????
???????????????????????????
???????, ????????????. ?? FS??
?????????????????????????. ?
???????????????????????????
????. ??????????????????????
????????, ??????????????????
????????????????, ??????????
???????????????????.
?????????, Frey, Runggaldier [12] ?????
??????????????????, ????????
?????????????????. ?? FS?????
???????????????????????????
???????.
2. ????
???????? [12]?????????. ??????
???????????????? (
;F ;Ft; P )???, Ft
? usual condition??????????????????
Ft ????????. ????????? m?????
??????????????. ??? i????????
? Ht ???? i ???,
Y = (Yt;1; : : : ; Yt;m)t0; Yt;i = 1fitg;
???. ??? Ht = (Ys : s  t) ???. ??????
? Y ????????????, Ht  ?????. ?? 
?????????????.
?? 1 (Frey, Schmidt [11] ? Assumption 1) ???
t1; : : : ; tm  0 ???, ????????? i : Sp !
(0;1); i = 1; : : : ;m?????.
P (1 > t1; : : : ; m > tmjFp1) =
mY
i=1
exp

 
Z ti
0
i(ps)ds

:
??? i(pt)???? i ???????????????
?, Ft  ?????. ?? Sp ? p ???????, Fps =
(ps; s  t)???. Z????????????????
????, ???????????????.
dZt = at(pt)dt+ vdt:?
???  ? l ?? Ft  ????????????? p =
(pt)t0;Y??????. ?? v? l l??????, ??
? t???? at : 
Sp ! Rl?Ht ?????????
???. ??????????? tk = k???? "???
? ztk = at(ptk)+"tk ????????. ??? ("tk)??
? 0;?????? ~"? i.i.d.?Rl??????????, p
??????. ???????????Zt := 
P
tkt Ztk
? ????????????????????? Z??
????????????. FZt = (Zs : s  t)????,
FIt = Ht _ FZt  Ft ???. ?????????????
??????????.
t := E[(pt)jFIt ];
(pt) =
mX
i=1
(1  Yt;i)i(p):
?????? E[j(pt)  zj2]?????? FIt  ??? L2
???? z ???, ??? (pt)????????????
?. ????????????????????????
3. FS???????????
??? FS ??????????. ??????? [12],
[11] ????????. ????? (
;F ; ~Ft; P ) ???.
Ft ??????? Ut ????????.
Ut =
Z t
0
(	s)ds+Bt:
??? Bt ? ~Ft ???????, 	; Y ??????, ??
??? S	 = f1; : : : ;Kg????????? 	?????
???????. ?????? Ut ???????????
?? p = (p1t ; : : : ; pKt )t0; pkt = P (	t = kjFt); 1  k  K;
? FS????????????????????????
????.
dpkt =
KX
i=1
Q	i;kp
i
tdt+
mX
i=1
ki (pt )dMt;i + 
k(pt )dWt:?
(1)
??? Wt ? Ft  ?????????????, Q	 ? 	
?????, i(	t)? ~Ft ??????????,
kj (p) = p
k
 
j(k)PK
n=1 j(n)p
n
  1
!
;
k(p) = pk

(k) 
KX
n=1
pn(n)

;
Mt;j = Yt;j  
Z t
0
(1  Ys;j)j(pt)dt:
?? i(); ()????????, ???????????
????????????????.
E[i(	)jFt] =
KX
k=1
i(k)p
k
t =: i(pt):
??????? Ut ?????????????, ????
Zt ??? FIt ??????????????????. ?
?????????????????????? pt ???.
????????????????, ??????????
???????????????????????????
???.
ti = E[i(pt)jFIt ] =
KX
i=1
i(k)E[p
k
t jFIt ];
t

i = E[

i(p

t)jFIt ] =
KX
i=1
i (k)E[p
k;
t jFIt ]:
?????????????????????? p????
????.
4. ??????
??????????????????????????
?????????????, ?????????????
????????????????????????. ??
???????????????????????????
??????, ???? [12]??????????????
??. ????????????????????????
???????????????????????????
????????, ????????????.
????? [12] ??????????????????
???. ??????????? 0 = T0 < T1 <    < Tm
???. t+ Tn 1 2 [Tn 1; Tn)???? p;Y??????
??????.
pt = pt+Tn 1 ;
Yt = Yt+Tn 1 ; Tn 1  t+ Tn 1 < Tn:
???????? 1  i  b, ?????????  =
tk+1   tk; 0  k  N   1 ???. ??? T ?????,
0 = t0 < t1 <    < tN = T ???. Frey, Runggaldier
[12] ? Theorem3:1 ??, (tk; tk+1] ??????????
??????????? Li ?????????.
Li := exp

 
Z 
0
(pis;Ytk )ds+
Z 
0
aTtk+s(p
i
s)
 1
Z dZtk+s
 1
2
Z 
0
k atk+s(pis) k2 1
Z
ds

:
???
 1Z := (vv
T) 1; k a k2
 1
Z
:= a0 1Z a;
 =
mX
i=1
(1  yi)i(p;y):
?? Frey, Runggaldier [12]? Theorem3:4??, (tk; tk+1]
????????????????? ~Li?????????.
~Li = Li(p
i):
??? ??????????????. ?????????
????????????????, Kallianpur-Striebel(?
??)????????, ???????????????
?????????. (Frey, Runggaldier[12]? 3??? 4
?)
E[(pt)jFIt ] = E
R0 [(pt)NtjFIt ]
ER0 [NtjFIt ]

1
n
Pn
i=1 (pt;i)
i
t
1
n
Pn
i=1 
i
t
=
nX
i=1
(pt;i)
itPn
i=1 
i
t
:
??????? R0 ??? Zt ???????, Nt ????
??????????????????, ??????? 4
?????. ??
it =

~Lit t = j ; 1  j  m;
Lit otherwise:
???????????????????????. ???
???? [12]????????, ????????????
???? [1]?????????????????????
?????????. ?? [1]?????????????
???????????????????????????
????????????????.
?????? 1
1. ??? fp10; : : : ;pb0g????.
2. (????????)? (1)?????? fp1tk ; : : : ;pbtkg
??? p = ptk ???????. ???? (1)???
?????? ????????.
3. (????????, no default) (tk; tk+1]??????
???????, ????? Z ????, 1  i  b
????? Li ????. ????????????
?? ????????. ????????????
????.
E[ptk+1 jFItk+1 ] =
Pb
i=1 L
ipitk+1Pb
i=1 L
i
:
?????? ptk+1 = (p1tk+1 ; : : : ;pbtk+1)?????
???????.
pitk+1 = E[ptk+1 jFItk+1 ] +
q
Vtk+1&i:
??? &i ? N(0; In)??????????????
?, ??????????? Vtk ????????.
Vtk =
Pb
i=1 L
iXtk+1X
T
tk+1Pb
i=1 L
i
:
???Xtk+1 = pitk+1   E[ptk+1 jFItk+1 ]???.
4. (????????, default ) (tk; tk+1]??????
???????, ~Li = Li(pi) ??????? 3?
???????.???  ????????????
??.
?? 1 ? ? ? ? ??? ? ? ? ? ??? ? ?PK
i=1E[p
ijFIt ] = 1 ??????? E[pK jFIt ] =
1 PK 1i=1 E[pijFIt ]???.
5. ?????
???????????????????. ??????
????????, ?????????????. ?????
?????????????????, ?????????
????????????????????. Lemma 3.2
(Frey, Schmidt [11]) ? Theorem3.3 (Frey, Schmidt [11])
???????????
?? 1 1  k  K ??? P (	t = kjFIt ) = p^kt ?????
???????????.
dbpkt = KX
i=1
Q	i;kbpitdt+ mX
i=1
ki (bpt )dcMt;i + k(bpt )dmZt :
(2)
??? mZt = 1
v
(Zt  
R t
0
basds) ? fFIt g  ???????
??
i(bp) = 1
( bi)t   (dpti)t   dpt ( bi)t  + ( \Ri()i)t );
(3)
Ri() = pi   pi ; (4)
(bp) = (dpta)t  cpt(ba)t; (5)
cMt;j = Yt;j   Z t
0
(1  Ys;j)\j(pt)dt: (6)
???, i(bp) = i(bp;p)???. ??, ???? 1  k  K
??? E[f(pt)jFIt ] ?????????????????
?????????.
dbpkt = Ak(bpt)dt+ mX
i=1
ki (bpt)dcMt;i + k(bpt )dmZt : (7)
?????????????????????.
?? 2 ?? a() : Sp ! Rl;p1; p2 2 [0; 1]K ??PK
k=1 pi;k = 1; i = 1; 2 ????, ??????? C > 0
?????.
ja(p1)  a(p2)j  Cjp1   p2j:
?? 3 ?? a() : Sp ! Rl;p 2 [0; 1]K ??PKk=1 pk = 1
????, ????? C > 0?????.
ja(p)j  C:
? ? ? ? ? ? ? ? Frey, Schmidt[11] ? Frey,
Runggaldier[12]???????????????.
?? 1 p 2 [0; 1]K ??PKk=1 pk = 1 ????, ????
??? C > 0?????.
j(p)j  C;
jA(p)j  C;
ji(p)j  C;
j(p)j  C:
?? 2 (???????, ?????) p1; p2 2 [0; 1]K ?
?PKk=1 pi;k = 1; i = 1; 2????, ??????? C > 0
?????.
jA(p1) A(p2)j+ j(p1)  (p2)j  Cjp1   p2j;
jA(p1)j+ j(p1)j  C(1 + jp1j);
ji(p1)  i(p2)j  Cjp1   p2j;
ji(p1)j  C(1 + jp1j):
(1) ????????????
?????????????????????????,
????????????????????. ??????
??????????????????, ????????
??????????????????????. ????
??? Euler?????????????????????
????, ???????????????, ??????
? ????????????????????????.
t = supftk; tk  tg ???? Euler??????????
???????????.
bpt = p0 + Z t
0
A(bps)ds+ Z t
0
(bps)dcMs;i
+
Z t
0
(bps)dmZs :
?? 1  i  K ???, Euler??????????????
????????? Y t;i = 1fi[ t ]g ???. ??? []?
????????. ???, ??????? Euler????
??????????????????????????.
bpt   bpt = Z t
0
fA(bps) A(bps)gds
+
Z t
0
f(bps)dcMs;i   (bps)dcMs;ig
+
Z t
0
f(bps )  (bps)gdmZs
= ~At + ~Mt:
???
~At =
Z t
0
fA(bps) A(bps)gds;
~Mt =
Z t
0
f(bps)dcMs;i   (bps)dcMs;ig
+
Z t
0
f(bps )  (bps)gdmZs
???. ???, ?????????.
?? 3 ????????? C > 0?????.
E
Z T
0
jbps   bps j2ds  C: (8)
?? 4 ??? s 2 [0; T ]; 1  i  m??????????
??? C > 0?????.
E[jYs;i   Y s;ij2]  C: (9)
?????????????????.
?? 1 ??????????? C ?????.
E[ sup
0<tT
jbpt   bpt j2]  CeCT = C: (10)
???????????? bpt ?????????? bpt ?
1
2
???????????????. ??????????
??????????????.
?? 2 ??????????? C ?????.
E[ sup
0<tT
j(bpt)  (bpt )j2]  C: (11)
??, ????????????????.
? 1 t 2 [0; T ]?????????? C ?????.
E[jbpt   bpt j2]  C; (12)
E[j(bpt)  (bpt )j2]  C; (13)
E
Z T
0
jbpt   bpt j2dt  C; (14)
E
Z T
0
j(bpt)  (bpt )j2dt  C; (15)
jE[bpt]  E[bpt ]j2  C; (16)
jE[(bpt)]  E[(bpt )]j2  C: (17)
(2) FS???????????????????
???? FS???????, ????????????
????????????????. ??????????
???????????????????????????
????????????????????.
bpk;	t = pk0 + Z t
0
Ak;	(bp	s )ds+ mX
i=1
Z t
0
ki (bp	s )dcM 	s;i
+
Z t
0
k(bp	s )dmZs : (18)
???
Ak;	(bp	s ) = KX
i=1
Q	;i;k p^
i;	
s ;
cM 	s;i = Yfitg   Z T
0
(1  Yfisg)i(bp	s )ds:
??? bpkt   bpk;	t ?????????????.
bpkt   bpk;	t = Z t
0
fAk(bps) Ak;	(bp	s )gds
+
mX
i=1
Z t
0
fki (bps)dcMs;i   ki (bp	s )dcM 	s;i g
+
Z t
0
fk(bps )  k(bp	s )gdmZs :
???, ?????????.
?? 2 pi; ? p ?? i ?????. ??? t 2
[0; T ]; A;A	 2 RKK????, ?????????C > 0
?????.
E[ sup
0tT
jbp	t   bp	t j2]  CjA A	 j2: (19)
???
jA A	 j = sup

j(A A	)pj :
0  pi;  1;
KX
i=1
pi; = 1

:
6. ?????????
???????? Z ??????, ??????????
?????????, ?????????????????
??????????. ?? [12] ???????????
 ???? v = 
p
????, ???????????
?????. ???????? 1????. ???????
? 1 Parameters
Parameters Value
?? T = 5(?).
??????? K = 4.
???? m = 100.
?????  = 0:1; or 0:3:
???????????????.
Q	 =
2664
 0:5 0:5 0 0
0:2  0:5 0:3 0
0 0:3  0:5 0:2
0 0 0:5  0:5
3775:
?? 	 ?????????????, ?????????
?????????????.
Q^	 =
2664
 0:5  	 0:5 + 	 0 0
0:2 + 	  0:5  2	 0:3 + 	 0
0 0:3 + 	  0:5  2	 0:2 + 	
0 0 0:5 + 	  0:5  	
3775:
??????????????????????, ??? 
??? 0i(k) = i(k) +  ?????. ?????????
???????????????????.
MISEs = E
Z T
0
 
(pt)  t
2
dt

; (20)
MISE = E
Z T
0
 
t  t
2
dt

; (21)
MISEs; = E
Z T
0
 
(pt)  t
2
dt

; (22)
MISE = E
Z T
0
 
t  t
2
dt

; (23)
MISE; = E
Z T
0
 
t
   t;
2
dt

; (24)
MSSE = E

sup
0tT
 
t  t
2
; (25)
MSSE; = E

sup
0tT
 
t
   t;
2
: (26)
??????? R?????????????, M ???
??????????????????. ?? t ???
????????, ?????????????????
? bp ????????????????????, t;
???????????????????????????
??????? bp; ?????????????????
???. ????????????????????.
t
 := E[i(p

t )jFIt ] =
KX
k=1
(k)bpk;t ;
t
; := E[i(p
;
t )jFIt ] =
KX
k=1
(k)bpk;;t :
????????????? T = n ?????????
??????. ?, ??????????????????
?????? (pt)??, ???????????????
?? t??????????????????, ????
???????????????????min = 0:002?
???????????????.
? 1??? 4?????????? ????????
????????????. f()  C????????
?????.
log
p
f()  log
p
C =
1
2
logC   1
2
log
1

:
???????? log
p
f()????????   1
2
???
???? 5 ?????????????????????
? 1  ???? RMSSE ???.  = 0:3:
? 2  ? ? ? ? RMSSE; ? ? ?.
 = 0:3;  = 0:01; q = 1:
? 3  ???? RMSE ???.  = 0:3:
? 4  ? ? ? ? RMSE; ? ? ?.
 = 0:3;  = 0:01; q = 1:
?, ???????   1
2
????????????????
?????????????????.
? 1 ??? 4 ???????, log f() ???????
?   1
2
?????????? 3???? RMSE ????
?, ????   1
2
??????????. ????????
???????????????????????????
?????????. ???? 2 ?? 4 ????????,
FS ???????????????? log f() ????
????, ????????????????. ?? 2??
logRMSSE ????????????????, ????
?????????, ?????????????????
??????????. ???, ????????????
??????, ????????????????????
??????????????. ? 3???? RMSE ?
???????, ???   1
2
????????, ?????
????. ?? FS???????????????, sup?
???????????????????????????
??, RMSSE ??????? RMISE ????????
????????????.
? 5 ???????????????????
??.
? 6 Q	 ???????????????
??????.
??????????????????????????
????????. ??????????????????
???????????????????,  = 1
365
??
?. ? 7?? 8?, ??????????????????
??????????????????. ????????
??????????????, ????????????
????????????????. ???????? Y
? 7 ???? pt.
? 8 E[ptjFIt ]:
? 9 E[p^tjFIt ];  = 0:01; q = 0:
? 10 E[p^tjFIt ];  = 0; q = 20:
????????? 1?????, ???? 4??????
???????????????????????. FS?
??????????????????????, ????
????????? i(k)???????????, ? 5?
? 9?????????????????????????
??????, ????????????????????
???. ??????????????, ????????
?????????????????????? 6?? 10
???????. ??????????????????,
pt??????????????????????????
?. ??????????????? i(k)????? Q	
?????????????????, ?????????
??????, ????????????????????
???. ???????????? p??????????
??????????????. ? 9 ??????  ??
???????????????????????????
?.  = 0:01??, ???? p4t ??????????. ?
???????  ??????????, p1t ; p2t ; p3t ????
???????????, p4t = 1  (p1t + p2t + p3t )????
????????????????. ??????????
???????????????  ??????????
?, ?????????????????????????
??????. ? 10 ?????????????????
??????????????????. ???? q = 20
????????????????, ??????????
??????????. ????????????????
???????, ???????????????????
???????????????????????????
?. ????????????????????????
?????, ?????????????????????
????????????????. ??????????
q = 1??????, ?????????????????
??????????????. ????????????
??????????. ???? SE?????? 2; 3??
? ISEs > ISE ???. ???????????????
????????????, E[^i(p^t)jFIt ] ? E[i(pt)jFIt ]
???????????????????????????
?. ??? 4 ?? MISEs; ? MISEs ?? 3 ?????
?????. ????????????????, ????
???????????????????????.
? 2  ???? ISE.
 ISEs ISE
 0:01 1:6 10 2 9:3 10 3
 0:005 1:0 10 2 3:9 10 3
0 6:7 10 3 0
0:005 1:2 10 2 5:0 10 3
0:01 2:0 10 2 1:3 10 2
0:02 4:8 10 2 4:1 10 2
? 3 	 ???? ISE.
	 ISE
s ISE
0 6:7 10 3 0
0:5 8:0 10 3 9:2 10 4
1 1:0 10 2 3:2 10 3
5 5:3 10 2 4:4 10 2
20 2:9 10 1 2:8 10 1
? 4 MISE. = 0:3; q = 1;  = 0:01; = 0:002
MISEs MISE MISEs;
7:7 10 3 2:0 10 2 2:4 10 2
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?, ????????????????, ??  ?????
?, ???? Q	 ???????????????????
???????????????????????. ???
??????????????????, ????????
??????, ??????????????????.
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